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Abstract
Motivated by some well known results in the phase space description of quan-
tum optics and quantum information theory, we aim to describe the formal-
ism of quantum field theory by explicitly considering the holomorphic rep-
resentation for a scalar field within the deformation quantization program.
Notably, the symbol of a symmetric ordered operator in terms of holomorphic
variables may be straightforwardly obtained by the quantum field analogue
of the Husimi distribution associated with a normal ordered operator. This
relation also allows to establish a c-equivalence between the Moyal and the
normal star-products. In addition, by writing the density operator in terms
of coherent states we are able to directly introduce a series representation
of the Wigner functional distribution which may be convenient in order to
calculate probability distributions of quantum field observables without per-
forming formal phase space integrals at all.
Keywords: Deformation Quantization, Star-product, Holomorphic
representation
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1. Introduction
Deformation quantization, also referred to as phase space quantum me-
chanics by many authors, consists in a general quantization procedure based
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on the idea that a quantum system is obtained by deforming both the ge-
ometrical and the algebraic structures of classical phase space [1], [2]. One
of the main features of this approach lies in the primordial role acquired
by the algebra of quantum observables which, from this perspective, is not
given by a family of self-adjoint operators acting on a Hilbert space as in
ordinary quantum mechanics, but instead these observables correspond to
real or complex valued functions defined on the classical phase space, where
the usual commutative point-wise product is replaced by an associative, non-
commutative product, denoted as the star-product. Consequently, this star-
product induces a deformation of the Poisson bracket in such a way that all
the information included on the commutators between self-adjoint operators
is contained in the deformed algebraic classical structure. Considering that
one may circumvent the use of operators as quantum observables, within the
deformation quantization formalism an essential ingredient resides on the
definition of the Wigner distribution [3]. This distribution corresponds to a
phase space representation of the density matrix, and thus it contains all the
information of the auto-correlation properties and the transition amplitudes
associated to a given quantum mechanical system [4]. A prominent property
of the Wigner distribution for a quantum system lies on the possibility to
acquire negative values on particular regions of phase space and, therefore,
it can not be merely interpreted as a probability density in the standard
sense and, in consequence, it is usually referred to as a quasi-probability
distribution in the literature. However, this seemingly odd feature impress
the Wigner distribution with a relevant property since it allows to visualize
the fact that quantum trajectories in phase space that correspond to regions
with negative probability values may be useful to determine joint-correlation
functions and entanglement properties within the quantum system [5].
The formalism of deformation quantization not only has provided impor-
tant contributions in pure mathematics [6], [7], [8], [9], but it also has proved
to be a reliable tool in the understanding of many physical quantum systems
[4], [10], [11], [12], recently including the treatment of constrained systems
[13], and certain aspects on loop quantum cosmology and quantum gravity
[14], [15].
In this paper we propose to analyze the formalism of quantum field theory
by means of coherent states as seen from the deformation quantization point
of view. Motivated by the representation of quantum mechanics in phase
space in terms of quasiprobability distributions, widely used in quantum
optics and quantum information theory [16], [17], [18], we address the con-
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struction of the quantum field analogues of the Weyl-Stratonovich quantizer,
the Wigner functional, the star-product and the s-ordered symbols associ-
ated to quantum field operators by adopting the holomorphic representation,
as first introduced by Cahill and Glauber in the context of standard quan-
tum mechanics [16]. In particular, via the quantum field analogue of the
Husimi distribution we obtain the Moyal and the normal star-products for
a scalar field in terms of holomorphic variables [19]. Then, following some
ideas formulated in [20], [21], we provide a series representation of the Wigner
functional with respect to the Fock basis and coherent states.
This paper is organized as follows, in section 2, we briefly introduce the
basic ideas of the deformation quantization scheme applied to fields and we
obtain its holomorphic representation. In section 3, the coherent represen-
tation, the star products and the quantum field counterparts of the Wigner
and Husimi distributions are obtained. Then, by employing the coherent
states, a series representation of the Wigner functional is reviewed. Finally,
we introduce some concluding remarks in section 4.
2. Deformation quantization of fields
In this section we briefly review the Wigner-Weyl quantization scheme for
fields. We will closely follow the description of the formalism as described in
[11] and [15]. For simplicity, we will focus on the real scalar field, nevertheless
a generalization to other fields follows straightforwardly. In order to get a
full perspective on the deformation quantization program we refer the reader
to the more detailed reviews [22], [23], [24].
2.1. The Wigner-Weyl-Stratonovich quantization
Consider a real scalar field ϕ defined on a four dimensional background
Minkowski spacetimeM. Let us perform a 3+1 decomposition of the space-
time M in the form M = Σ × R, for any Cauchy surface Σ, which at the
present case of study may be thought of as topologically equivalent to R3.
The spacetime manifoldM is endowed with local coordinates (x, t) ∈ R3×R
and a metric η = diag(+1,+1,+1,−1). In what follows, we deal with
fields evaluated at the instant t = 0, and we write ϕ(x, 0) := ϕ(x), and
̟(x, 0) := ̟(x), where ̟(x) stands for the canonical conjugate momentum
associated to the field ϕ(x). Consequently, the phase space of the theory is
locally written through coordinates Γ = (ϕ,̟), which in turn can be related
to initial data on a Cauchy surface Σ.
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By analogy to quantum mechanics, in order to define the Weyl quantiza-
tion rule [25], i.e., a one to one mapping from the set of classical observables
to the set of quantum observables, usually given by self-adjoint operators
defined on a Hilbert space, we need to provide a quantization map such that
it takes the Poisson brackets
{ϕ(x), ̟(y)} = δ(x− y) ,
{ϕ(x), ϕ(y)} = {̟(x), ̟(y)} = 0 , (1)
to the commutator of operators (in natural units where ~ = 1)
[ϕˆ(x), ˆ̟ (y)]Ψ = iδ(x− y)Ψ ,
[ϕˆ(x), ϕˆ(y)]Ψ = [ ˆ̟ (x), ˆ̟ (y)]Ψ = 0 , (2)
where the vector state Ψ[ϕ] is given by a functional of the field ϕ ∈ S ′(R3),
where S ′(R3) stands for the Schwartz space of tempered distributions, that is,
the space of continuous linear functionals on the space of rapidly decreasing
smooth test functions S(R3). To be more precise, the state Ψ belongs to the
Hilbert space H = L2 (S ′(R3), dµ). Here dµ is given by the formal measure
Dϕ := ∏x∈R3 dϕ(x), which denotes a uniform Lebesgue measure on the con-
figuration space [26]. Although, it is known that in an infinite dimensional
vector space a translational invariant measure cannot be properly defined,
other measures such as Gaussian measures of mean zero, can be used in order
to construct different representations of the Hilbert space H by employing
proper probability measures, as shown in [15], [27], [28],.
The Weyl-Stratonovich quantization, W : L2(Γ) → L(H), is defined as
the linear map from the space of functionals on the phase space Γ, to the
linear operators acting on the Hilbert space H [11], [29], by
FˆΨ := W (F [ϕ,̟])Ψ =
∫
DϕD
(
̟
2π
)
F [ϕ,̟]Ωˆ[ϕ,̟]Ψ , (3)
where the operator Ωˆ is given by
Ωˆ[ϕ,̟] =
∫
D
(
λ
2π
)
Dµ e−iϕ(λ)+iϕˆ(λ)−i̟(µ)+i ˆ̟ (µ) , (4)
and we have introduced the notation
ϕ(λ) :=
∫
R3
dx ϕ(x)λ(x) , and ϕˆ(λ) :=
∫
R3
dx ϕˆ(x)λ(x) , (5)
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for all λ, µ ∈ S(R3), and we have used similar expressions to denote the other
terms appearing in the definition of Ωˆ[ϕ,̟]. The operator Ωˆ represented
in (4) corresponds to the quantum field analogue of the Weyl-Stratonovich
quantizer, and as we shall see, its inverse allows us to define an associative and
noncommutative product, the so called star-product, which proves to be one
of the fundamental algebraic structures within the deformation quantization
scheme. Employing the relations
∫ Dϕ |ϕ〉 〈ϕ| = 1ˆ and ∫ D ( ̟
2π
)
|̟〉 〈̟| = 1ˆ,
where |ϕ〉 and |̟〉 stand for vector eigenstates of the operators ϕˆ and ˆ̟ ,
respectively, the Weyl-Stratonovich operator satisfy the following properties
Ωˆ†[ϕ,̟] = Ωˆ[ϕ,̟] , (6)
tr
{
Ωˆ†[ϕ,̟]
}
= 1 , (7)
tr
{
Ωˆ[ϕ,̟]Ωˆ[ϕ′, ̟′]
}
= δ(ϕ− ϕ′)δ
(
̟ −̟′
2π
)
. (8)
By multiplying the expression (3) by the operator Ωˆ and taking the trace
on both sides, using property (8), one obtains that the phase space function
associated to the operator Fˆ reads
F [ϕ,̟] :=W−1(Fˆ ) = tr
{
Ωˆ[ϕ,̟]Fˆ
}
. (9)
This map, also known as the Wigner map, corresponds to the inverse relation
of the Weyl-Stratonovich quantizer and it associates quantum operators to
real functions or symbols, following the standard terminology in harmonic
analysis [30]. The symbols determine an associative algebra endowed with
a noncommutative product denominated as the Moyal star-product in field
theory, given by
(F1 ⋆ F2)[ϕ,̟] :=W
−1(Fˆ1Fˆ2) = tr
{
Ωˆ[ϕ,̟]Fˆ1Fˆ2
}
. (10)
By substituting the expression (3) into (10) and using the expansion of the
functionals F1 and F2 in Taylor series we obtain (we encourage the reader to
see [11], [31] for detailed calculations)
(F1 ⋆ F2)[ϕ,̟] =
F1[ϕ,̟] exp

 i2
∫
R3
dx

 ←−δ
δϕ(x)
−→
δ
δ̟(x)
−
←−
δ
δ̟(x)
−→
δ
δϕ(x)



F2[ϕ,̟] . (11)
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Finally, let ρˆ = |Ψ〉 〈Ψ| be the density operator of a quantum state Ψ ∈ H,
the symbol ρ[ϕ,̟] corresponding to the operator ρˆ reads
ρ[ϕ,̟] = tr
{
Ωˆ[ϕ,̟]ρˆ
}
=
∫
D
(
µ
2π
)
e−i̟(µ)Ψ∗
[
ϕ− µ
2
]
Ψ
[
ϕ+
µ
2
]
. (12)
This functional is the quantum field analogue of the Wigner distribution as-
sociated to the Hilbert space H in quantum mechanics. As mentioned before,
a distinguished property for the Wigner distribution lies on the possibility
to acquire negative values on some regions of phase space, therefore, it can
not be interpreted merely as a probability distribution, and thus it is usu-
ally referred to as a quasi-probability distribution. This particularity endows
the Wigner distribution with the quality of being an excellent candidate to
characterize the quantum properties of a system, not only as it contains the
information of the density matrix, but also as negative contributions to the
Wigner function may be interpreted as non classical interferences, despite
the fact that not all quantum states introduce negative contributions to the
Wigner distribution [4].
2.2. The Bargamnn-Fock representation
In order to obtain the Bargmann-Fock representation (also known as the
holomorphic representation), let us consider the expansion of the fields ϕ and
̟ in terms of an infinite set of harmonic oscillators
ϕ(x, t) =
1
(2π)3/2
∫
R3
dk
(
1
2ω(k)
)1/2 (
a(k, t)eikx + a∗(k, t)e−ikx
)
, (13)
̟(x, t) =
1
(2π)3/2
∫
R3
dk
(
ω(k)
2
)1/2
i
(
a∗(k, t)e−ikx − a(k, t)eikx
)
, (14)
where ω(k) =
√
k2 +m2, a(k, t) = a(k)e−iω(k)t and kx :=
∑3
i=1 kixi, with
i = 1, 2, 3. From expressions (13) and (14) we may obtain
a(k, t) =
1
(2π)3/2(2ω(k))1/2
∫
dx e−ikx (ω(k)ϕ(x, t) + i̟(x, t)) , (15)
and its complex conjugate, a∗(k, t). By using the Poisson bracket relations
(1), we can observe that a(k, t) and a∗(k, t) satisfy the Poisson algebra
{a(k, t), a∗(k′, t)} = −iδ(k − k′) , (16)
{a(k, t), a(k′, t)} = {a∗(k, t), a∗(k′, t)} = 0 . (17)
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In order to compute the Weyl-Stratonovich quantizer in terms of the holo-
morphic variables a(k, t) and a∗(k, t), let us introduce the following canonical
variables [32]
Q(k, t) =
(
1
2ω(k)
)1/2
(a(k, t) + a∗(k, t)) , (18)
P (k, t) = i
(
ω(k)
2
)1/2
(a∗(k, t)− a(k, t)) . (19)
From the Poisson algebra given in (16) and (17), and the definition of the
variables (18) and (19), one can derive the Poisson relations
{Q(k, t), P (k′, t)} = δ(k − k′) , (20)
{Q(k, t), Q(k′, t)} = {P (k, t), P (k′, t)} = 0 . (21)
Further, whenever we insert the holomorphic variables (15) into equations
(18) and (19) we get
Q(k, t) =
1
(2π)3/2ω(k)
∫
R3
dx (̟(x, t) sin(kx) + ω(k)ϕ(x, t) cos(kx)) ,
P (k, t) =
1
(2π)3/2
∫
R3
dx (̟(x, t) cos(kx)− ω(k)ϕ(x, t) sin(kx)) . (22)
Then, it is evident from the algebraic relations (20), (21) and (22) that
Q(k, t) and P (k, t) defines a linear canonical transformation. This means,
that instead of using the field variables ϕ(x) and ̟(x), it should be possible
to write the Weyl-Stratonovich quantizer in terms of Q(k, t) and P (k, t).
With the computation of the canonical variables Q(k, t) and P (k, t) in hand,
we can rewrite the Weyl-Stratonovich map in the following form (see [11] for
further details)
Ωˆ[Q,P ] = Ωˆ[ϕ[Q,P ], ̟[Q,P ]] =
∫
D
(
λ
2π
)
Dµ e−iQ(λ)−iP (µ)+iQˆ(λ)+Pˆ (µ) ,
(23)
where we have used the notation
Q(λ) =
∫
R3
dk Q(k)λ(k) , and Qˆ(λ) =
∫
R3
dk Qˆ(k)λ(k) , (24)
for all λ, µ ∈ S(R3), and similar expressions to denote the other terms ap-
pearing in the definition of Ωˆ[Q,P ]. The field operators Qˆ and Pˆ satisfy the
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relations Qˆ(k) |Q〉 = Q(k) |Q〉, Pˆ (k) |P 〉 = P (k) |P 〉, where |Q〉 and |P 〉 stand
for their corresponding eigenvectors fulfilling the properties
∫
DQ |Q〉 〈Q| = 1ˆ
and
∫ D ( P
2π
)
|P 〉 〈P | = 1ˆ, respectively. Consequently, it can be shown that
the Moyal star-product can be written as (see [11] for more details)
(F1 ⋆ F2)[Q,P ] = tr
{
Ωˆ[Q,P ]Fˆ1Fˆ2
}
=
F1[Q,P ] exp

 i2
∫
R3
dk

←−δ
δQ
−→
δ
δP (k)
−
←−
δ
δP (k)
−→
δ
δQ(k)



F2[Q,P ] . (25)
Finally, it is possible, using the formalism in terms of the Q(k) and P (k)
variables to express the symbol of the density operator ρˆ = |Ψ〉 〈Ψ| as
ρ[Q,P ] = tr
{
Ωˆ[Q,P ]ρˆ
}
=
∫
D
(
µ
2π
)
e−iP (µ)Ψ∗
[
Q− µ
2
]
Ψ
[
Q+
µ
2
]
. (26)
In the next section we will find that, by making use of coherent states, the
Weyl-Stratonovich quantizer and the Wigner functional written in terms of
holomorphic variables will allow us to compute the quantum field analogue of
the s-ordered symbols introduced within the context of quantum mechanics
by Cahill and Glauber in [16] with the aim to study different orderings in
comparison to the Weyl-Wigner symmetric ordering of operators and their
corresponding star-products.
3. Coherent representation and deformation quantization
3.1. Coherent representation and star products
In order to construct coherent states in quantum field theory, i.e., the
analogues of well-localized states of the harmonic oscillator with fluctuations
similar as those for the vacuum state [33], let us assume a normalizable
function α(k) ∈ S(R3), and consider the state given by
|α〉 = eaˆ†(α)−aˆ(α∗) |0〉 =: Dˆ(α) |0〉 , (27)
where, as before, we have used the notation
aˆ†(α) =
∫
R3
dk α(k)aˆ†(k) , and aˆ(α∗) =
∫
R3
dk α∗(k)aˆ(k) , (28)
and |0〉 stands for the vacuum ground state defined through
aˆ(k) |0〉 = 0 , and 〈0|0〉 = 1 , (29)
8
for all k ∈ R3, and aˆ†(k), aˆ(k) denote the creation and annihilation operators
for a given mode k, respectively. In the definition (27), the operator Dˆ(α)
corresponds to the field counterpart of the Glauber displacement operator
[16], and it satisfies the relation1
Dˆ(α)Dˆ(β) |0〉 = Dˆ(α) |β〉 = eiℑ(〈β,α〉) |α + β〉 , (30)
where 〈β, α〉 represents the inner product in L2(R3)
〈β, α〉 =
∫
R3
dk β∗(k)α(k) . (31)
Moreover, the coherent states satisfy the non-orthogonality relations
〈β|α〉 = e 12 (〈β,α〉−〈α,β〉)e− 12 ||β−α||2 , (32)
where ||β−α||2 denotes the norm induced by the inner product 〈β − α, β − α〉.
Even though the coherent states are non-orthogonal, one may show that they
fulfill the completeness relation [26], [33]
∫
D2
(
α
π
)
|α〉 〈α| = 1ˆ , (33)
where the measure is explicitly written as D2
(
α
π
)
= D
(
ℜ(α)
π
)
D (ℑ(α)), that
is, it is a formal integral over the complex α(k)-plane, for all k ∈ R3.
In order to write the Weyl-Stratonovich quantizer in terms of the coherent
state formulation of fields, let us substitute equations (18) and (19) into the
expression (23), and by making a change of variables we find
Ωˆ[a, a∗] =
∫
D2
(
ξ
π2
)
ea(ξ
∗)−a∗(ξ)+aˆ†(ξ)−aˆ(ξ∗)
=
∫
D2
(
ξ
π2
)
ea(ξ
∗)−a∗(ξ)Dˆ(ξ) , (34)
where the complex function ξ(k) is such that ℜ(ξ),ℑ(ξ) ∈ S(R3), and the for-
mal measure is explicitly given by D2
(
ξ
π2
)
= D
(
ℜ(ξ)
π
)
D
(
ℑ(ξ)
π
)
. It is evident
now, that the operator Ωˆ[a, a∗] defined in (34) corresponds to the normalized
1Throughout the paper, given any complex number a, we denote by ℜ(a) and ℑ(a) its
real and imaginary parts, respectively.
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quantum field analogue of the symmetric ordered Weyl-Stratonovich operator
employed in quantum optics and quantum information [17], [18], [34]. By us-
ing some standard techniques on Gaussian functional integration [26] and the
completeness relation (33), the operator Ωˆ[a, a∗] satisfies tr
{
Ωˆ[a, a∗]
}
= 1.
Now, with the Weyl-Stratonovich operator at hand, the symbol associated
to an operator Fˆ in terms of holomorphic variables is given by
F [a, a∗] := W−1[Fˆ ] = tr
{
Ωˆ[a, a∗]Fˆ
}
. (35)
By using the Baker-Campbell-Hausdorff formula [35] and the explicit expres-
sion for Ωˆ[a, a∗] in (34), we can write the symbol of an operator as
F [a, a∗] =
∫
D
(
ξ
π2
)
e〈ξ,a〉−〈a,ξ〉+
1
2
||ξ||2G(ξ) , (36)
where
G(ξ) := tr
{
Dˆ(ξ)Fˆ
}
e−
1
2
||ξ||2 . (37)
From equation (36), we note that the symbol associated to the operator Fˆ ,
can be written as
F [a, a∗] =
∞∑
n=0
1
2nn!
∫
D
(
ξ
π2
)
||ξ||2ne〈ξ,a〉−〈a,ξ〉G(ξ) . (38)
To simplify this expression, we note that
∫
R3
dk
δ
δa(k)
δ
δa∗(k)
e〈ξ,a〉−〈a,ξ〉 = −||ξ||2e〈ξ,a〉−〈a,ξ〉 , (39)
then, the symbol F [a, a∗] reads
F [a, a∗] = exp
{
−1
2
∫
R3
dk
δ
δa(k)
δ
δa∗(k)
}∫
D
(
ξ
π2
)
e〈ξ,a〉−〈a,ξ〉G(ξ) . (40)
From this last identity we realize, by comparing with the s-parametrized
quasiprobability distributions in quantum mechanics [16], [21], that F [a, a∗]
is related to the symbol associated to the quantum field analogue of the
Husimi Q-representation of a normal ordered operator given by
F (N)[a, a∗] := Q−1[Fˆ ] =
∫
D
(
ξ
π2
)
e〈ξ,a〉−〈a,ξ〉G(ξ) . (41)
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Further, by means of the completeness relation (33) and the functional inte-
gration of Gaussians [26], it is possible to express the symbol for F (N)[a, a∗]
as
F (N)[a, a∗] = tr
{
Fˆ ρˆ
}
= 〈a|Fˆ |a〉 . (42)
Finally, we can observe that, within the context of quantum field theory,
the symbol of an operator in the symmetric ordering stated by the Weyl-
Stratonovich operator is related to the normal ordering given by the Husimi
Q-representation, so that
F [a, a∗] =W−1[Fˆ ] = exp
{
−1
2
∫
R3
dk
δ
δa(k)
δ
δa∗(k)
}
F (N)[a, a∗] . (43)
We now look for the composition rule for symbols, which determines the
star product. By definition, the Moyal star-product is given as follows
(F1 ⋆ F2)[a, a
∗] = tr
{
Ωˆ[a, a∗]Fˆ1Fˆ2
}
, (44)
by applying formulas (40) and (42) we obtain
(F1 ⋆ F2)[a, a
∗] = exp
{
−1
2
∫
R3
dk
δ
δa(k)
δ
δa∗(k)
}
〈a|Fˆ1Fˆ2|a〉 . (45)
Since the Husimi Q-representation deals with normal ordered operators, in
such scheme we can write them as the normal ordered expansion
Fˆ =
∑
m,n=0
∫
R3
dk cmn(k)(aˆ
†(k))m(aˆ(k))n , (46)
so that, in terms of the expectation value over coherent states and employing
the completeness relation (33), we observe that
(F1 ⋆N F2)[a, a
∗] := 〈a|Fˆ1Fˆ2|a〉 =∑
m,n,p,q
∫
R3×R3
dkdk′cmn(k)bpq(k
′) 〈a|(aˆ†(k))m(aˆ(k))n(aˆ†(k′))p(aˆ(k′))q|a〉 =
∫
D2
(
ξ
π
)
F1[ξ, a
∗]F2[a, ξ
∗]e−||a−ξ||
2
.(47)
As in the case of the Moyal star-product (11), we can perform an expansion
of the functionals F1 and F2 in Taylor series [36], [37], and then by performing
the functional Gaussian integral, yields
(F1 ⋆N F2)[a, a
∗] = F1[a, a
∗] exp


∫
R3
dk

 ←−δ
δa(k)
−→
δ
δa∗(k)



F2[a, a∗] . (48)
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This ⋆N product corresponds to the normal star-product obtained by means
of Berezin calculus in [19]. Then, it turns out that from the equation (45),
the Moyal star-product is given by
(F1 ⋆ F2)[a, a
∗] = exp
{
−1
2
∫
R3
dk
δ
δa(k)
δ
δa∗(k)
}
(F1 ⋆N F2)[a, a
∗] . (49)
The relation between the two star-products as depticted in (49) is known as
a c-equivalence within the formalism of deformation quantization [19], [38],
and by expanding the last exponential we obtain
(F1 ⋆ F2)[a, a
∗] =
F1[a, a
∗] exp

12
∫
R3
dk

 ←−δ
δa(k)
−→
δ
δa∗(k)
−
←−
δ
δa∗(k)
−→
δ
δa(k)



F2[a, a∗] , (50)
which corresponds to the star-product obtained in [19].
To conclude this section, and within the deformation quantization scheme
for quantum field theories developed in this work, we note that it is possi-
ble to generalize the Weyl-Stratonovich quantization map for any s-ordered
symbol by a straightforwardly comparison with the standard quantum me-
chanics counterpart, as explored in [16]. Indeed, by considering the s-ordered
quantization operator
Ωˆs[a, a
∗] =
∫
D2
(
ξ
π2
)
ea(ξ
∗)−a∗(ξ)e
1
2
s||ξ||2Dˆ(ξ) , (51)
where s is a continuous parameter which defines the ordering of the creation
and annihilation operators. The case s = 0 corresponds to the standard
Weyl-Wigner symmetric ordering, and for s = −1 we have the Husimi nor-
mal ordering, both cases analyzed above. An additional relevant value corre-
sponds to s = 1, which yields the Glauber-Sudarshan anti-normal ordering in
quantization [16], [18]. The importance of the s-parametrization as a useful
tool for understanding the convergence properties of the expansion of op-
erator functions in terms of integral representations and its corresponding
integral kernels has been characterized in [39].
3.2. Series representation of the Wigner functional
It is possible to obtain a series representation of the Wigner functional
ρ[ϕ,̟] in complete analogy to the Wigner function appearing in quantum
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mechanics [20], [21]. By making the substitution of γ = −µ/2 in the defini-
tion (12), we obtain
ρ[ϕ,̟] =
∫
D
(
γ
π
)
e2i̟(γ) 〈ϕ− γ|ρˆ|ϕ+ γ〉 , (52)
where ρˆ = |Ψ〉 〈Ψ| is the density operator associated to a quantum state
Ψ ∈ H. Then
ρ[ϕ,̟] =
∫
D
(
γ
π
)
e2i̟(γ) 〈−γ|e−i ˆ̟ (ϕ)ρˆei ˆ̟ (ϕ)|γ〉
=
∫
D
(
γ
π
)
〈−γ|e−iϕˆ(̟)e−i ˆ̟ (ϕ)ρˆei ˆ̟ (ϕ)eiϕˆ(̟)|γ〉 , (53)
by using the Baker-Campbell-Hausdorff formula and introducing the parity
operator Πˆ |γ〉 = |−γ〉, it follows that
ρ[ϕ,̟] =
∫
D
(
γ
π
)
〈γ|Πˆe−iϕˆ(̟)e−i ˆ̟ (ϕ)ρˆei ˆ̟ (ϕ)eiϕˆ(̟)|γ〉
= tr
{
ΠˆDˆ†(ξ)ρˆDˆ(ξ)
}
, (54)
where Dˆ(ξ) is the displacement operator defined in (27) and ξ ∈ S(R3)
depends on the field variables ϕ and ̟. From now on, we will consider the
Fock basis [40] spanned by vector states with occupation numbers ns for all
modes k
|n1, n2, . . .〉 =

∏
s
(
aˆ†(ks)
)ns
√
ns!

 |0〉 , (55)
that is, the vector (55) corresponds to the quantum state in which n1 particles
have momentum k1, n2 particles have momentum k2, etc., and |0〉 denotes
the vacuum ground state defined in (29) above. The set of state vectors
|n1, n2, . . .〉, with all possible choices of ns, form a complete orthonormal basis
in the Hilbert space. Thus, we finally obtain the following representation of
the Wigner functional
ρ[ϕ,̟] =
∑
n1,n2,...
〈n1, n2, . . . |ΠˆDˆ†(ξ)ρˆDˆ(ξ)|n1, n2, . . .〉 . (56)
By writing the density operator in terms of coherent states, ρˆ = |α〉 〈α|,
and recalling the definition of the displacement operators (27) and using the
13
property (30), we can express the formula (56) as
ρ[ϕ,̟] =
∑
n1,n2,...
〈n1, n2, . . . |ΠˆDˆ†(ξ)Dˆ(α) |0〉 〈0| Dˆ†(α)Dˆ(ξ)|n1, n2, . . .〉 .
(57)
Further, using the fact that [18],
Dˆ†(ξ)Dˆ(α) |0〉 = e 12 (〈ξ,α〉−〈α,ξ〉) |α− ξ〉 , (58)
and expressing the parity operator as Πˆ = (−1)Nˆ , where Nˆ corresponds
to the number operator in field theory [40], Nˆ = 1
(2π)3
∫
R3
dk aˆ†(k)aˆ(k), the
Wigner functional reads
ρ[ϕ,̟] =
∑
n1,n2,...
(−1)N 〈n1, n2, . . . |α− ξ〉 〈α− ξ|n1, n2, . . .〉 . (59)
The series representation of the Wigner functional contained in (56) and (59)
allow us to calculate the probability distribution of quantum field observables
by avoiding formal phase space integrals. This approach could be useful
in circumstances where integration methods are very challenging as it may
be the case, for instance, while studying either quantum effects in curved
backgrounds or in quantum gravity [41].
4. Conclusions
In this paper we have analyzed the formalism of quantum field theory
by means of coherent states appropriately introduced within the context of
deformation quantization. In particular, by selecting the holomorphic rep-
resentation for a scalar field, we have explicitly encountered the quantum
field analogues of the Weyl-Stratonovich quantizer, the Wigner distribution
and the Moyal star-product by means of the Husimi distribution that cor-
responds to normal ordered operators. By construction, we also have set a
c-equivalence between the Moyal product and the normal star-product, ⋆N ,
which is commonly obtained by applying Berezin calculus. Further, within
our context, we have also noted that the correspondence between the sym-
metric and normal ordered symbols may be enlarged by considering the ex-
tension of the Weyl-Stratonovich quantization map for any s-ordered symbol
in terms of the Glauber displacement operator and a real parameter s. This
may be a very relevant issue as the s-parametrization has been proposed in
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the literature as a useful tool in order to analyze convergence of the expansion
of operator functions in terms of integral representations.
Moreover, we have discussed a series representation of the Wigner func-
tional which is obtained by considering the action of the Glauber displace-
ment operators on the density operator written in terms of coherent states
associated to quantum fields. This series representation may demonstrate
relevant in order to determine the probability distribution of quantum field
observables. We expect this will be the case in quantum field theory in
a curved background where cumbersome phase space integrals are involved
even in the simpler cases. From a different perspective, it will also be rele-
vant to implement the techniques described here within the context of either
gauge field theories or the non-regular quantum representations that natu-
rally emerge in Loop Quantum Gravity (LQG). Indeed, we expect that our
results here will be significant, in addition to the developments in [13], [14]
and [15], in order to explore the LQG coherent state formulation in the cos-
mological scenario. Work along these lines is in progress, and will be reported
elsewhere.
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